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Abstract 

We use the AdS/CFT correspondence to study first-order relativistic viscous magneto- 
hydrodynamics of (2+1) dimensional conformal magnetic fluids. It is shown that the 
first order magneto-hydrodynamics constructed following Landau and Lifshitz from the 
positivity of the entropy production is inconsistent. We propose additional contribu- 
tions to the entropy motivated dissipative current and, correspondingly, new dissipative 
transport coefficients. We use the strongly coupled M2-brane plasma in external mag- 
netic field to show that the new magneto-hydrodynamics leads to self-consistent results 
in the shear and sound wave channels. 
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A theory of viscous magneto-hydrodynamics [1] has a wide range of practical ap- 
phcations in condensed matter [2] (and references therein) and astrophysics [3] (and 
references therein). It is best thought as an effective low-energy theory organizing 
derivative expansion of systems in local, but not global, equilibrium. For concreteness, 
consider relativistic d dimensional charged fluid in external electro-magnetic field F^^". 
The conserved quantities associated with the system are the stress-energy tensor T^'^ 
and the electric current rf- vector J'^. The dynamics of the hydrodynamic fluctuations 
in the fluid is governed by the following equations of motion 

9^7/^ = 0, d^T^'^^F^'-'J,, (1) 

where the total current and the stress-energy tensor include the equilibrium part (with 
local energy density e, pressure P, and charge density p) and the dissipative parts (i^^ 
and U^" correspondingly): 

T^"" = euV + PA^"" + n'^^ , J'^ - pu^" + i/'^ . (2) 

In Eq. (2) 

A^''' ^ rj^"" + u^u\ n'^X^O, xi% = 0, (3) 

where u^^ is the local d- velocity of the fluid, u^^u^ = — 1. In phenomenological hydrody- 
namics one represents the dissipative terms Vfj, and 11'*'' as an infinite series expansion 
in velocity gradients, with coefficients of the expansion commonly referred to as trans- 
port coefficients. A familiar example are the (neutral) fluid Navier-Stokes equations, 
obtained by truncating the dissipative stress-energy tensor 11'*'' to linear order in the 
velocity gradients 

n'*" = -rja"" - CA^"'{dau'') , (4) 

where 

_ /^^^A'^/^^Q^ug + dffu^) - j^A''''A'"^{d^u^) . (5) 

Notice that at this order in the hydrodynamic approximation we need to introduce 
only two transport coefficients: the shear 1] and bulk ^ viscosities. Higher orders in the 
velocity gradients expansion for 11'"', and for charged fluids the dissipative current ve- 
locity gradients expansion, necessitate introduction of additional transport coefficients. 
It is desirable to formulate a principle that would constrain such a rapidly growing set 
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of transport coefficients. A popular approach, due to Landau and Lifshitz [1], is to de- 
fine an ofT-cquilibrium entropy current and constrain transport coefficients by imposing 
the positivity of its divergence (equivalently, the positivity of the entropy production 
in relaxation of a near-equilibrium state). In this framework the authors of [2] (HKMS) 
determined the first-order in d- velocity gradients expression for the dissipative current 

= aQA'^'^(-a,/x + f,„k" + |a,r) , (6) 

where T and and the local temperature and the chemical potential. Remarkably, only 
a single new transport coefficient (in addition to {77, C}), a conductivity ctq, is needed 
to describe first-order HKMS magneto-hydrodynamics. It is important to stress that 
in [2], the authors considered the case of the electro- magnetic field vanishingly small 
in the hydrodynamic limit, that is F ~ 0{du). 

The question that we raise in this Letter is whether the principle of the positivity 
of the entropy production leads to a consistent theory of magneto-hydrodynamics for 
an arbitrary external electro-magnetic field, not necessarily small in the hydrodynamic 
limit. Unless there is a first principle microscopic derivation of hydrodynamics, it is 
impossible to address such a question. In this Letter we consider the three-dimensional 
maximally supersymmetric Yang-Mills theory with large number of colors at the in- 
frared fixed point. This theory is commonly referred to as the theory of M2-branes. 
Then we use AdS/CFT correspondence [4] of the strongly coupled M2-brane plasma 
in external magnetic field to argue that the first-order dissipative current i/^ has to be 
modified as follows 

(7) 

where ag is the new conductivity transport coefficient. Given that AdS/CFT cor- 
respondence provides a microscopic derivation of the M2-brane hydrodynamics, we 
compute that in this particular case and at zero charge density at equilibrium 

3 

= ^ • (8) 

This implies that the principle of the positivity of the entropy production is violated 
in magneto-hydrodynamics already at the linearized level as the theory of M2-branes 
represents an explicit counter-example. On the contrary, in neutral hydrodynamics 
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with no external fields this principle holds to linear order and is violated at second 
order [5]. 

Our approach to introducing the transport coefficients to describe the dissipative 
current u'^ in conformal magneto-hydrodynamics will be based on conformal invariance. 
A similar approach to conformal hydrodynamics with no extra charges and fields was 
undertaken in [5]. Under the Weyl rescaling with a local parameter fl we have the 
following transformation properties 

rpfMU {d+2)Q.rp^u jfM dU jn TP ^ TP 

± 7 o J. , <y ^ o <y , J- ^iv ^ iiv 1 

( 9j 

These properties are obtained from demanding that eqs. (1) are Weyl invariant. Based 
on the principle of conformal invariance as well as transversality Uj^u^ — 0, we propose 
the following expression for the dissipative part of the current up to terms which do 
not contribute to linear order in fluctuations. We get 

(10) 

We have introduced the two different coefficients ctqi and (7q2 instead of ctq since the 
first two terms individually are conformally invariant. 

Let us discuss whether there are possible corrections to (10). Our discussion will 
be rather brief since these extra terms will not play any role in the rest of the Letter. 
First, there is one more term linear in F which we can add in (10), namely 

aQA'^^F.«(^a"T-a». (11) 

In the rest of the paper, we will consider the neutral M2-brane plasma and set p — 
0. In this case, as we will see below, there is a certain decoupling of the linearized 
hydrodynamic equations. The term (11) is inconsistent with the decoupling and, hence, 
a"Q = in this particular case. Note that, in general, aq — does not have to vanish 
and the term (11) can appear in (10). However, it vanishes for the theory under study. 
Similarly, one can analyze terms with higher powers of F^,^. It is not difficult to show 
that such terms either are inconsistent with the decoupling (so the coefficient in front 
of them has to vanish just like ag — 0) or can be used to redefine the transport 
coefficients in (10) at higher order of F^. The latter is due to the fact that in pure 



4 



magnetic background in three dimensions F^Fa^ ~ F'^r]^,^. Thus, we would hke to 
stress that our proposal in eq. (11) is not the most general expansion of the current in 
the external electro-magnetic field. As we just explained there can be additional terms 
invisible by the magnetized M2-branc theory plasma. The purpose of this Letter is not 
to develop such an expansion but rather to explicitly demonstrate that the principle of 
the positivity of the entropy production in violated in magneto-hydrodynamics at the 
linearized level. 

We would like now to test our phenomenological proposal of first order magneto- 
hydrodynamics in the framework of soluble AdS / CFT correspondence [4] . Specifically, 
we consider magneto-hydrodynamics of dyonic black holes in AdS4 x S*^ supergravity 
of M-theory. The latter realizes a holographic dual of the strongly coupled conformal 
(2-1-1) dimensional magnetized plasma. The equilibrium state of the plasma is described 
by a dyonic black hole in the effective four- dimensional Einstein-Maxwell gravity with 
a negative cosmological constant [6] . A thermodynamic potential of the plasma is given 
by 

4 V a a 

where V2 is the spatial area and p is the thermodynamic pressure. Furthermore, g'^ is 
the bulk gravitational coupling, related to the central charge c of the M2-branc CFT 
as c = 96g^^ (it can be computed from eq. (5) in [7]), fi is the electric charge chemical 
potential, and B is an external magnetic field. The parameter a entering (12) is related 
to the temperature T as follows 

^=3-^^;-^. (13) 

and is introduced to simplify expressions for further thermodynamic quantities. For 
example, the equilibrium energy density e, the entropy density s, the charge density p 
and the magnetization M per unit areas are given by 



^1 = -T^2P = F2-,- -l-S + 3-,), (12) 



p=—aii, M = — -— . 
g 9 ot 

Furthermore, the external magnetic field B naturally enters the supergravity analysis 
via the parameter h = 

We denote {x^ = t,x^ = x, x^ = y) and refer to nonzero components of the elec- 
tromagnetic field strength as F^y = —Fy^ = B. Eq. (10) for the dissipative current 
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together with eqs. (l)-(5) is our starting point. Before we discuss the hnearized equa- 
tions of motion, let us point out that the appearance of the magnetic field substantially 
increases the possible set of the hydrodynamic regimes which one can study. That is, 
instead of taking B to be fixed in the hydrodynamic limit of small momentum q, we 
can simultaneously scale B as q^, p > 0. As explained in [8, 9], the new hydrody- 
namic regimes allow us to study effects of magnetic field on the dispersion relation of 
the sound and the shear quasinormal modes in a controllable setting, i.e., when it is 
consistent to neglect the second and higher order hydrodynamic contributions, as well 
as nonlinear effects. In this Letter, we will study the cases of fixed B and B ~ g^/^. 
This will allow us to extract the coefficients ctqi, (Tq2 and (Jq for the M2-brane plasma. 

We expand eqs. (1) around the equilibrium state u'^ — (1,0,0), T = const, /j, — 
to linear order in fiuctuations. As usual, the fiuctuations are of the plane wave form 
^-uvt+tqy^ As the set of independent fluctuations wc can choose {Se,6n,Sux,Suy). In 
deriving the equations of motion, in addition to setting p = 0, /i — 0, we will also set 
(see eqs. (14)) 

At p — 0, the equations of motion decouple into the two separate pairs. The first pair 
reads 

3 

= LoSe — -qeSuy , 
3 1 

= -cueSuy — -qSe + iq^r]Suy + iaQ2B^Suy (16) 
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T 

where we have used the equation of state P = e/2 followed from conformal invariancc. 
When B = these two equations describe sound waves and we will refer to them as to 
the "sound channel" . The second pair of equations is 

3 

= -coeSu^ - qBaqiSp + iaQ2B^Su^ + iq'^ijSu^ 

LoaqB^dux 
f ' 



= a; yoj^j ^A* + qcrq2BSux + iq aqiSp 

icoq&qBSux 
+ ji ■ 
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When B = these two equations further decouple. One of them describes a shear mode 
and the other one describes charge diffusion. We will refer to this pair as to the "shear 
channel" . The decoupling between the sound and the shear channels was also observed 
in the supergravity description of the M2-brane plasma with vanishing equilibrium 
charge density [8]. Now note that the term (11) would lead to the mixing between 
the sound and shear channels. Hence, ctq = at least at p = 0. Unfortunately, 
at this point, we are not able to say whether the term (11) is present in general in 
magneto- hydrodynamics. 

Let us now discuss solutions to eqs. (16) and (17) in the regimes specified above. 
Recall that in the context of AdS / CFT correspondence hydrodynamic fiuctuations in 
plasma, i.e., the sound modes and the shear modes, are related to the lowest quasi- 
normal modes of the black hole solutions dual to the equilibrium state of the plasma 
[10]. For the magnetized M2-brane plasma of interest here, these quasinormal modes 
were extensively studied in [8, 9]. For convenience, we introduce tt) = uj/{2'kT) and 
q=k1/(2vrT). 

Hydrodynamic limit with B held fixed. In the sound channel we obtain a constant 
cyclotron mode and a diffusive mode 

This mode was reproduced on the supergravity side in [9] where the comparison has 
also been made. The result of this comparison is that 

^Q2 = ^. (19) 

It is important to stress that this result is exact to all orders in magnetic field. In the 
shear channel we obtain a cyclotron mode and a subdiffusive mode 

^'^F^T--i<l' 1. ^- (20) 
B^(^) 

This mode was reproduced on the supergravity side in [9]. Moreover, in [9] 77 was found 
from a Kubo formula to all orders in magnetic field to satisfy 

^ = (21) 

It was further generalized for the case of p 7^ in [11]. Comparison with the super- 
gravity result of [9] then implies that ctqi = aQ2. From now on we will remove the 
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subscripts "1" and "2" and denote agi = (Tq2 = ctq. Strictly speaking we find that 
cqi — cq2 only for the M2-brane plasma. However, it is possible that this is true in 
general. 



Hydrodynamic limit with H = held fixed. The relevant dispersion relation for the 
sound channel quasinormal mode of dyonic black hole describing strongly coupled M2- 
brane plasma was computed in [8] : 

i^sound resound _ i -T^sound ^2 _i_ ^^^A 

"^SUGRA — ^0 H + ^ ) , 

^sound _ ■ ^ Tj2 ■ l ' - 32 



^0 --^9^^V!V'-8T^'' (22) 
^sound ^ _1 _ 8^4 ^ 2tH'mH^ - 45) 
^ 4 9 9V162 - 64//4 

On the CFT side, the dispersion relation in the sound channel now depends on the 
new coefficient ctq: 

i^sound -resound _ , --resound _2 

^ 27Vl62 - 64i/V V 3 (^Q/ 

+ (q') , 

where we used equilibrium thermodynamic properties of the M2-brane plasma, eqs. (14), 
the universality of its viscosity, eq. (21), and eq. (19). If we assume that the principle 
of the positivity of the entropy production holds to linear order and set &q to zero we 
find that 

^suGRA - ^CFT = 0(q') 7^ 0(q') ■ (24) 

This shows that the formulation of magneto-hydrodynamics based on this principle 
is inconsistent. Moreover, the inconsistency appears already at the linearized level. 
In our framework of new dissipative magneto-hydrodynamics (10) the inconsistency is 
resolved by simply declaring that 

3 

= 2^ ■ (25) 

Note that, formally, this relation is computed only to leading order in since our 

analysis is done in the hydrodynamic limit with the vanishing magnetic field. However, 
given that (Tq is independent of i?^/T^, it is natural to expect that so is aq. 

Can we find an independent check on relation (25) between the two conductivities 
of the M2-brane plasma? Fortunately, the answer is yes\ Consider the shear channel 
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hydrodynamic regime with H — held fixed. On the CFT side the dispersion relation 
again depends on the new coefficient aq: 

where once again, we used equilibrium thermodynamic properties of the M2-brane 
plasma, eqs. (14), the universality of its viscosity, eq. (21), and eq. (19). 

Although the shear channel analysis in [9] were not done in the hydrodynamic 
regime with B ~ g^/^, it is straightforward to do so. Following notations of [9], the 
gauge-invariant wave-functions of the shear channel quasinormal modes {Zh,Zj^}, in 
the hydrodynamic limit with kept constant, have the following hydrodynamic ex- 
pansion 

ZA{r) =f{r)-'^'^aH^{Ao{r) + iqA,{r) + q^A^^r) (27) 
+ 0(q3)). 

As in [9], imposing the incoming wave boundary conditions at the horizon and the 
Dirichlet conditions at the boundary for {Zh, Za} determines the dispersion relation 
for the hydrodynamic shear mode 

^^shear -pshear _ i --pshear _2 i //-\ / „3\ 

"^SUGRA — J-0 q + q [H ) , 

8 16 (28) 

Y^shear ■ _fJ^ pshear n 

° ~ 9 ' ^ ~ 9 ■ 



Requiring that 



^suGRA - ^GFT = 0{q') (29) 



we arrive at the same value for ag, as the one obtained in the sound channel, eq. (25). 

In this Letter, we presented a new phenomenological framework of first-order vis- 
cous magneto-hydrodynamics. Using a soluble microscopic model in string theory, 
in which we can rigorously derive an effective hydrodynamic description, we estab- 
lished that the first-order magneto-hydrodynamics constructed from the positivity of 
the entropy current is inconsistent. A careful analysis of conformal invariance of the 
effective hydrodynamic description allowed us to identify additional dissipative terms. 
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We showed that the modified magneto-hydrodynamics provides a consistent interpre- 
tation of AdS/CFT resuhs. On the other hand, we point out that there is no conflict 
between our resuhs and the HKMS approach [2] who considered the case of the small 
magnetic fleld in the hydrodynamic limit. 
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